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Synthesis of Tire Equations for Use in
Shimmy and Other Dynamic Studies

L. C. ROGERS* AND H. K.
Wright-Patterson Air Force Base, Ohio

.4 system of transfer functions relating the cornering force and aligning torque of a rolling
pneumatic tire to its yaw angle and lateral displacement are developed from experimental and
theoretical frequency response curves. These transfer functions consist of ratios of poly-
nomials in the Laplaciari variable s, which lead to a system of linear constant coefficient
differential equations. The resulting equations have the advantage of both simplicity and
accuracy and are ideally suited for use in dynamical analysis such as the study of
wheel shimmy phenomena. These differential equations, along with the corresponding ex-
perimental frequency response curves, are compared with those derived from the widely
used Moreland tire theory. This comparison reveals a number of inadequacies in the More-
land theory.

Introduction

RELATIONS expressing tire forces in terms of the wheel
yaw angle and lateral displacement are required in

various studies in aircraft and ground vehicle dynamics, in-
cluding the analysis of wheel shimmy. There are at present
numerous tire theories1"6 available for calculating these
necessary relationships. Unfortunately, from a dynamicist's
point of view, these theories are not totally satisfactory. On
the one hand, comparatively simple models such as that
of Moreland,1 while being of a form convenient for dynamic
analysis, suffer from lack of accuracy in characterizing the
tire behavior (see Appendix). Conversely, the more accurate
theories such as that of Pacejka,6 are complicated to the point
of making them extremely cumbersome for direct use in the
analysis of dynamical systems. Clearly, an immediate engi-
neering need exists for a practical yet accurate method of
representing transient tire forces.13 The development of
such a method is the subject of the present paper.

The technique to be described here makes direct use of
experimental tire data in a frequency response format. This
data along with principles from feedback and control systems
theory (Bode Analysis) is utilized to develop a set of transfer
functions which relate the tire force and moment response
to variations in the wheel coordinates. Once these transfer
functions are known, a corresponding system of differential
equations can be written. It is known that if the tire be-
haves linearly and the frequency response is represented for
all frequencies, then the transient condition is also covered,
i.e., the equations are valid for arbitrary motions of the wheel.

The differential equations, thus, developed are especially
convenient for use in dynamic analysis or simulation studies
since they are of the linear constant efficient type. They
become part of a set of equations, the rest of which may be
nonlinear as necessary to represent the system under analysis.

Theoretical Considerations

It is well known that a pneumatic tire has the ability to roll
without sliding, even though it may possess a velocity corn-
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ponent normal to its wheel plane. Such motion is character-
ized by the presence of a slip angle a. This quantity is de-
fined as the angle between the wheel plane and the total ve-
locity vector of the wheel center. The formation of a slip
angle may result from either of two fundamental motions,
i.e., pure yaw or pure sideslip. A tire rolls in pure yaw when
only the yaw angle \l/ is allowed to vary and the lateral dis-
placement y is held at zero (Fig. la). Conversely, in pure
sideslip, the lateral displacement varies while the yaw angle
is zero (Fig. ib). In the general case, as on a moving ve-
hicle, both motions occur simultaneously (Fig. Ic).

When a tire rolls with a slip angle it is constrained to
undergo lateral deformation. For simplicity this deforma-
tion is often characterized by the lateral distortion of the tire
equatorial line. The effect of this distortion is to set up a
system of elastic restoring forces between the tire and wheel.
The net resultant of these distributed forces is a force F acting
normal to the wheel plane and a moment M acting about
the vertical wheel axis. These quantities are known as the
cornering force and aligning torque, respectively.

distortion of
equatorial line

a) pure yaw

Fig. 1 Compo-
nent motion of a
pneumatic tire.

>-X

c) general motion
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A tire rolling at a slip angle is said to be in quasi-steady
state when neither the yaw angle nor the lateral velocity vary
with time. Under these conditions, the lateral distortion of
the equatorial line with respect to the wheel is the same for
both pure yaw and pure sideslip, provided the slip angles are
also equal. It follows, in the quasi-steady state, that for
pure yaw or pure sideslip the cornering force and aligning
torque will also be equal. This of course is not true in the
general nonsteady-state condition.3

Assume for the present that the differential equations
which describe the tire behavior are of the general form

where a,b,c,d, and k are constants and primes denote differ-
entiation with respect to the independent variable. In this
equation for example, <f> might represent the tire aligning
torque and 77 the lateral displacement of the wheel, both as
functions of the forward position coordinate x. Taking the
Laplace transform of Eq. (1), and setting all initial values of
4> and 77 and their first derivatives equal to zero results in

cs (2)

where barred quantities denote transformed variables. The
transfer function G^s) associated with Eq. (1) is defined as
the ratio of the Laplace transform of the output $(s) to that
of the input rj(s)

r f T T T I | I I I I I Mll|

1 10

If now the system described by Eq. (1) is subjected to a si-
nusoidal input

= 770 sin (cox) (4)

then after transients die out, the steady-state response will be

sin (cox - 6) (5)

f(8)/7j(8) = k(l + cs + as + (3)

where iG^O'w)! and 6 are the magnitude and argument,
respectively of the complex number G^jui) which represents
the system frequency response. The function (r^O'co) is
determined from Eq. (3) by replacing the Laplacian variable
s with jco.

The previous development briefly illustrates the procedure
for determining the transfer function and the frequency re-
sponse from the basic differential equation. It is clear that
if this equation is of the linear constant coefficient type, then
G'to(s) will be a rational algebraic function consisting of a ratio
of polynomials in s. The object here, however, is the reverse
operation, i.e., to synthesize the governing differential equa-
tion from an experimentally determined frequency response
curve. The technique of Bode plots provides a very useful
tool for this purpose.

The Bode plot of an arbitrary frequency response function
Grf(jui)\ consists of two separate graphs: the magnitude
\Gyi(jui)\ and the phase angle arg GTjsO'eo). Typically, both
the magnitude in db units, called the "log magnitude," and
the phase angle in degrees, are plotted vs frequency on a
logarithmic scale. The log magnitude, denoted by Lm is
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Fig. 3 Tire aligning torque frequency response under cyclic yaw.

defined as
= 20 (6)

The use of logarithmic scales leads to a considerable simpli-
fication in the construction and interpretation of the plots.
This is particularly true when G7^(j(jo) consists of products
and ratios of factored terms. In this case, the total or com-
posite Bode magnitude plot is obtained by simply adding or

substracting those of the individual terms. The same rule
applied to the Bode phase angle plots according to theorems
of complex algebra.

The terms most often encountered in the f unctions Gyp(ju>)
are the polynomials of various degrees in j'co. Their Bode
magnitude and phase angle plots have been systematically
tabulated in standard reference works such as D'Azzo and
Houpis. These plots form the basis of approximating a



692 L. C. ROGERS AND H. K. BREWER J. AIRCRAFT

10

REDUCED FREQ. RAD/FT REDUCED FREQ. RAD/FT

b)
Fig. 4 Tire cornering force frequency response under cyclic yaw.

given experimental frequency response curve in terms of
factored polynomials. A list of typical factors, together
with plots of their low-frequency and high-frequency asymp-
totes is contained in Fig. 2. The corresponding plots of the
reciprocal terms are obtained by simply reflecting the given
curves about the co axis. The abscissa in these plots is the
frequency co plotted on a log scale as indicated at the bottom
of Fig. 2.

Synthesis of Tire Frequency Response Functions

The technique of approximating the tire frequency response
using Bode plots is best illustrated by a specific case. Con-
sider the experimental response data shown in Fig. 3a for a
tire undergoing sinusoidal variations in yaw angle. In these
graphs, the magnitude of the aligning torque frequency re-
sponse and its phase angle are plotted as functions of the fre-
quency co. This co, in units of rad/ft, is the so called "path"
or "reduced" angular frequency which is related to the cyclic
time frequency ft, in units of cps, according to

co = 2wft/Vx (7)

where Vx is the forward velocity. The magnitude of the re-
sponse has been normalized by dividing it by its value at zero
frequency, i.e.,

(8)

Fig. 5 Cyclic yaw tire test machine.9

To synthesize the frequency response in terms of polynomials,
one first crudely approximates the magnitude curve with
straight line segments as shown in Fig. 3a. Each segment
must have a slope of ± 2Qn db/decade, where n is a positive
integer. Simultaneously, the phase angle curve is approxi-
mated by line segments whose values are integer multiples
of 90°. The straight line approximation of Fig. 3a can
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obviously be achieved by the superposition of the three
curves shown in Fig. 3b. Consulting the tabulation of poly-
nomial factors in Fig. 2 it is seen that these line segments
correspond to the asymptotes of the terms [1 + (jco/coi)]"1,
[1 + (26i/co2)jo) + O'coM)2], [1 + OWcos)-1]. The inter-
sections of the asymptotic lines determine the corner fre-
quencies coi,co2, and 003. The parameters coi, 002,003, and 61 are
varied to obtain the best fit of the data. Thus, the resulting
expression for the aligning torque frequency response is

(261/co2),/co +
(9)

A comparison of the experimental frequency response and its
approximate representation according to Eq. (9) is given in
Fig. 3c.

The cornering force frequency response is treated in a
similar fashion. Referring to Fig. 4a, it is seen that experi-
mental response can be roughly approximated by the asymp-
totes of the single term

Thus, the cornering force frequency response is given by

(262/co4)jco
(lOa)

where again GF^(Q) is the normalizing response at zero fre-
quency and co4 and 62 are parameters to be determined for a
best fit of the data.

In the specific case of Fig. 4, since the value of 62 is larger
than unity, the denominator of Eq. (lOa) can be expressed
as two first-order terms of the form

jco/coa)(l (l.Ob)

where coa = 0.45 and co6 = 2.00.
The transfer functions corresponding to Eqs. (9) and (lOa)

are obtained by replacing '̂co in these expressions with the
Laplacian variable s. Clearly, these will be similar in form
toEq. (3).

(S/C02)2]/(1 S/0>3) (11)

(262/co4)s + (s/co4)2] (12)

Although the experimental frequency response data used in
these calculations are for an automotive type tire, the indica-
tions are that it is characteristic of pneumatic tires in general.
These data were generated on the tire test dynamometer
shown in Fig. 5. Essentially this machine consists of a hori-
zontal carriage which loads the tire against a rotating steel
drum. The carriage is capable of subjecting the tire to a
sinusoidal angular motion (yaw) about its horizontal axis,
while simultaneous measurements are made of the cornering
force and aligning torque. These measurements correspond
to the steady-state response of Eq. (5). For a given time
cyclic frequency of oscillation, 1 cps in this case, the wheel
speed is varied so as to provide a complete range of reduced
frequencies in accordance with Eq. (7). Details of this test
machine are given in Ref. 9.

The transfer functions relating the cornering force and
aligning torque to the lateral displacement are determined by
repeating the previous steps using the appropriate frequency
response data. Unfortunately, experimental data for a tire
undergoing cyclic lateral displacement are not presently avail-
able. In the absence of such data, the theoretical frequency
response curves of Ref. 6 can be utilized to develop the
necessary expressions.

These theoretical curves are shown in Fig. 6 along with
their polynomial approximations. It must be noted, how-
ever, that the frequency response functions given here relate
the cornering force and aligning torque to the tire slip angle

and not to the tire lateral displacement, i.e.,

] (13)

(14)

However, from Fig. Ic, we have the kinematic relation

a + $ = y' (15)

Taking the Laplace transform under zero initial conditions
and noting that for pure sideslip the yaw angle \j/ is zero, we
obtain

a(s) = s (16)

This relation allows the response functions in Eqs. (13) and
(14) to be written in terms of lateral displacement.

By following procedures identical to those used previously
for yaw angle inputs, and making use of Eq. (16), one ob-
tains the following frequency response functions for lateral
displacement:

= (j<*)GFa(0)GFa*(jo) = (jco)GWO) X
(1 +I7co/co7)/[l + (263/co8)jco + O'co/co8)2] (18)

The corresponding transfer functions are

GjMy^s) = £rAfa(0)s/(l -f- 5/005) (1 ~h s/coe) (19)

GFy(s) = £Ftf(0)s(l + s/co7)/[l + (2&3/co8)s + (s/^s)2] (20)

It has been pointed out earlier that under conditions of quasi-
steady-state rolling, the cornering force and aligning torque
responses to pure sideslip and pure yaw are identical. There-
fore, the following identities exist between the frequency
response functions at zero frequency:

GW(0) E= G^(0) (22)

Having determined the transfer functions for the individual
inputs, the total tire response due to combined motion is now
obtained by superposition

\[>(s) + GMy(s)y(s) (23)
£(«) + GFy(s)y(s) (24)F(s) =

The previous equations of course are restricted to the linear
region of tire behavior. This is characterized by small values
of slip angle, on the order of ±3°. Substituting for the
transfer functions in Eqs. (23) and (24) yields

M(s) =

F(s) =

(261/W2)s

(262/co4)s
(s/co7)]/[l + (2&3/

X

(25)

(26)

The differential equations corresponding to Eqs. (25) and
(26) are obtained directly by first clearing fractions and then
taking the inverse Laplace transform of both sides. Ob-
viously, this will result in a fourth-order system in both M
and F. It is possible however, at this point, to introduce an
approximation which reduces the resulting differential equa-
tions to second order. This is achieved by equating the
denominators of the fractions in Eqs. (25) and then in Eq.
(26), from which we obtain the following necessary relations:

+ C03 = C05 + C06,

62 = 63, C04

(27)
= C08
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Fig. 6 Tire cornering force and aligning torque frequency response under cyclic lateral displacement.

The approximation is justified on two counts: First, even
with the constraints introduced by Eqs. (27) , the polynomial
approximation of the frequency response curves as displayed
in Figs. 3, 4, and 6 was found to be quite good. Secondly,
since the theoretical response curves for lateral displace-
ment6 are based on the tensioned string tire model which is
governed by differential equations of the second order,
second-order equations would be expected. It should be
noted however, that the approximations (27) are in no way
essential to the techniques being presented here. Obviously,
if more latitude is required in characterizing the tire re-
sponse, it is easily achieved by omitting Eqs. (27) and re-
sorting to the fourth-order system. Utilizing the approxi-
mations given previously, the final differential equations can
now be written as follows:

COi

r-r I ^

C04 '

M" =

— -
"2 - C02'

GF<

(28)

•«(0) \v' + -1 (29)
L ^7 J

It is preferable for purposes of dynamical analysis to regard
the time t rather than the position coordinate x as the inde-
pendent variable in these equations. The transformation
is easily accomplished since for constant forward velocity

x = Vxt, d/dx = (l/Vx)(d/dt) etc.
Thus, written in the time domain, Eqs. (28) and (29) become

M + ( -+^
S.C01 COs/ V x

M

- (30)

Fp I Jlf £_
Z TT

(31)
where dots denote derivatives with respect to time. These
equations contain a total of nine independent parameters of
which all but co? are determined from experimental frequency
response data for tires undergoing cyclic yaw. At present,
such tests can be performed only for smaller size aircraft
tires using the equipment described earlier.9 However, the
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U.S. Air Force will soon put into operation an experimental
facility which will be capable of measuring the frequency
response under yaw for a complete range of aircraft tire
sizes and loads.12 The parameter 007 must, for the present
at least, be determined from purely theoretical frequency
response curves.

Conclusions

Equations (30) and (31) represent a notable improvement
over present methods for calculating transient tire forces.
They have the advantage of being more accurate than exist-
ing tire theories while at the same time retaining a relatively
simple form. As explained earlier in this paper, the equa-
tions are derived from tire frequency response data. How-
ever, they are valid for arbitrary motions of the wheel, pro-
vided that the limitation of small slip angles is not exceeded.
Another notable feature of this characterization is that
higher-order effects such as the influence of camber and wheel
speed can be directly accounted for by including them in the
test conditions for the frequency response data. The in-
clusion of such effects by means of tire mechanics theory is
presently impractical. Finally, the authors wish to note
that this characterization of tire forces is currently being
used to great advantage in the study of aircraft single nose-
wheel shimmy phenomena.

Appendix

One of the most widely used theories for calculating tire
forces in shimmy analysis is that first proposed by Moreland1

and later elaborated upon by Collins and Black.10 This
theory was developed at a time when it was recognized that
the delay properties of tires were an important part of the
over-all shimmy phenomena. Although the Moreland tire
theory itself has never been subjected to rigorous experi-
mental verification, it has nevertheless provided many useful
engineering results. Its continued popularity is due in part
to the ease with which it can be incorporated into the equa-
tions of motion of the landing gear system. Like the tech-
nique described in the body of this paper, the Moreland
theory leads to a system of linear, constant coefficient,
differential equations. Thus, the transfer functions are
readily calculated in terms of ratios of polynomials in s. A
comparison of these transfer functions with those derived
from experimental data by Bode analysis provide the basis
for assessing the validity of Moreland theory.

The extended Moreland tire model can be represented by
the mechanical system shown in Fig. 7. It consists of a
rigid frame which carries a small, massless, rigid wheel.
This wheel is attached to the frame by means of a linear
spring ki and damper Ci. It is also restrained from rotating
by the torsional spring kt> The frame in this model repre-
sents the actual tire wheel while the movement of the small
rigid wheel corresponds to the motion of the center of the
contact patch in the rolling tire. The relative displacement
2/i and rotation a\ of this fictitibus wheel gives rise to the tire
force and moment

F = kiyi + Ciyi (Al)
M = ktai (A2)

In addition, the hypothesis is made that the cornering force
is also related to the relative rotation a\ according to the
equation

CyF = - (ai + (A3)

In this equation, Cy is the tire yaw coefficient and C\ is the
tire time constant which accounts for the lag between F and
ai. The negative sign indicates that a force F acting in the
positive ?/i direction generates a negative or counter clock-
wise rotation ai. Finally one additional equation must be

FICTITIOUS
RIGID WHEEL

Fig. 7 Moreland tire model.

introduced which relates the wheel coordinates \l/ and y to
the displacement' y\ and rotation a\. This is obtained by
assuming that the fictitious rigid wheel rolls without sliding
in the ground plane, i.e., the instantaneous velocity vector V
of the rigid wheel is always coincident with its plane. Thus,
from Fig. 7, we have

= Vy/Vx (A4)

Introducing the assumption of small angles and expressing
Vy in terms of y and yit one obtains

= y (A5)

In order to compare the transfer functions it is necessary to
transform the independent variable in Eqs. (A1-A5) from
time to the position coordinate x. Making this substitution
and then taking the Laplace transform of Eqs. (Al), (A2),
(A3) , and (A5) under zero initial conditions results in

F(s) = (^ + C,7,«)
M(s) = ktai(s)
= -(I + dV

+

(A6)

(A7)

(A8)

(A9)
The cornering force response is obtained from Eq. (A9) by
substituting for yi(s) and 5i(s) from Eqs. (A6) and (A8),
respectively.

F(s) = {[(ki + dVxs)(l + CiVx8)]/
(8(1 + dVx8) + Cv(ki + dVxs)]} [#(«) - sy(s)} (A10)

The aligning torque response is obtained by first eliminating
ai(s) between Eqs. (A7) and (A8) and then substituting for
F(s) from Eq. (A10).

M(s) = -ktCy{[ki + CiVxs]/(s(l + dVxs) +
Cy(kl + CiVx8)]}($(8) - sy(s)) (All)

The frequency response functions can be written directly
from Eqs. (A10) and (All) as follows:

((CyCiVx + i)/Cyki]ju + (CiVx/Cyki)(jw)*}) (A12)
(A13)

) (A14)

(A15)

It follows also from Eq. (16) that the frequency response
functions Gpa(ju) and Gua(j^} will be given by

(A16)

u) = -kt((l + (CiVx/ki)ja)/
[(CyCiVx + l)/Cyki]ju + (Ci
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Tire cornering force and aligning torque frequency response—Moreland theory.

(A17)
Thus, it is seen that the frequency response for sideslip is
identical to that for yaw except for sign. Upon normalizing
by the response at zero frequency, we have

(A18)

(A19)
This result is in disagreement with that obtained in Refs.
3, 4, and 6 where it was found that frequency because of the
yaw and sideslip were notably different except for the special
case of zero reduced frequency. Moreover, a comparison
of the frequency response functions GF^(JCD) and GM^(JO))
given here with those derived by Bode analysis reveal certain
important differences in form. For example, both Eqs. (10)

and (A 10) have second degree terms in the denominator, but
the numerator consists of a constant and a product of two
first degree terms, respectively. Similar differences exist
between Eqs. (9) and (A12). Unfortunately because of the
present lack of data, the frequency response functions de-
rived from Moreland theory cannot be directly compared
with experimental results for a particular tire. However,
the form of the response curves can be illustrated for a typical
nose-wheel aircraft tire by making use of the tire parameters
given by Collins in Ref. 11. Figure 8 shows the normalized
frequency response curves based on the following tire data
for an 18 X 5.5 tire loaded to 3100 Ib: ki = 1.938 X IO4

Ib/ft, Cy = 7.5 X 10~5 rad/lb, Ci = 1.068 X IO2 Ib-sec/ft,
kt = 3.31 X IO3 ft-lb/rad, and d = 1.32 X IQ~6(VX) sec/
rad. Notice that the time constant Ci is given as a linear
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function of the forward velocity Vx. This velocity depend-
ence was determined experimentally in Ref. 10 and is con-
sidered essential to a proper description of the tire using
Moreland theory.
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